This paper proves the Hyers-Ulam stability and Hyers-Ulam-Rassias stability of nonlinear impulsive Volterra integro-delay dynamic system on time scales via a fixed point approach. The uniqueness and existence of the solution of nonlinear impulsive Volterra integro-delay dynamic system is proved with the help of Picard operator. The main tools for proving our results are abstract Grönwall lemma and Banach contraction principle. We also make some assumptions along with Lipschitz condition which make our results appropriate for the approach we are using.
Introduction
Let (G, * ) and (H, .) be groups, then a function φ : (G, * ) → (H, .) is said to be a group homomorphism if it is given by φ(x * y) = φ(x).φ(y), ∀ x, y ∈ G.
Ulam [23, 24] considered (H, ., d) a metric group with metric d(., .) and inquired a question, if for any > 0 and φ : (G, * ) → (H, .) satisfies the inequality
d(φ(x * y), φ(x).φ(y))
, ∀ x, y ∈ G, then for an approximate homomorphism ψ : (G, * ) → (H, .) can we find a real number δ > 0 such that d(φ(x), ψ(x)) δ, ∀ x ∈ G.
To deal this problem, Hyers [10] using direct method, brilliantly gave a partial answer to the case of functional equation by considering G and H to be Banach spaces. Afterward, it was called the Hyers-Ulam problem and the study of this area has grown-up to be one of the important subjects in mathematical analysis. In 1978, Rassias [21] provided an extension of the Hyers-Ulam stability by introducing new function variables. As a result, another new stability concept, Hyers-Ulam-Rassias stability, was named by mathematicians. In the literature, many researchers paid attention to the stability properties of different kinds of differential equations. We emphasize that Ulam's type stability problems have been taken up by a huge amount of mathematicians and the study of this region has grown-up to be one of the vital subjects in mathematical analysis. However, among the functional equations, Obłoza seems to be the first mathematician who has investigated the Hyers-Ulam stability of linear differential equations (see [18, 19] ). Thereafter, Alsina and Ger published their paper which handles the Hyers-Ulam stability of the linear differential equation y (t) = y(t). They proved that if a differentiable function y(t) is a solution of the inequality |y (t) − y(t)| ε for some ε > 0 and for all t ∈ (a, ∞), then there exists a constant c such that |y(t) − ce t | 3ε for all t ∈ (a, ∞), where a ∈ R ( [2] [12-14, 16, 18, 25, 26, 28-31] .
Many real world phenomena are represented by smooth differential equations. However, the situation becomes quite different in the case when a physical phenomena has sudden changes in its state such as mechanical systems with impact, biological systems with heart beats, blood flows, population dynamics, theoretical physics and so on (see [4] ). Adequate mathematical models of such processes are systems of differential equations with impulses i.e., impulsive differential equations. An impulsive differential equation is described by three components: a continuous time differential equation, which governs the state of the system between impulses; an impulse equation, which models an impulsive jump defined by a jump function at the instant an impulse occurs; and a jump criterion, which defines a set of jump events in which the impulse equation is active.
The theory of dynamic equations on time scale has been developing rapidly and has received a lot of attention in recent years. This theory was introduced by Hilger [9] in 1990, with the motivation of providing a unification to continuous and discrete calculus. For more details on time scale, see [5-8, 17, 20, 27] . In 2013, András and Mészáros [3] obtained some results about the Hyers-Ulam stability of some integral equations on time scale via Picard operators. Agarwal et al. [1] in 2014, discussed some results about the stability of linear impulsive Volterra integro-dynamic system on time scales. To the best of our knowledge, only few papers are devoted to the stability of impulsive Volterra integro-dynamic systems. However, as far as we know, the Hyers-Ulam stability and Hyers-Ulam-Rassias stability of nonlinear impulsive Volterra integro-delay dynamic systems have not been studied yet.
In this paper, we obtain Hyers-Ulam stability and Hyers-Ulam-Rassias stability of nonlinear impulsive Volterra integro-delay dynamic system of the form
where λ > 0, M(t) is piecewise continuous and a regressive square matrix of order m on
are respectively the right and left side limits of z(t) at t k , where t k satisfies
is a continuous delay function such that h(t) t.
Preliminaries
The time scale is defined to be any nonempty closed subset of real numbers and is denoted by T S . The forward jump operator Θ : T S → T S , backward jump operator ρ : T S → T S and graininess function µ : T S → [0, ∞) are respectively defined as:
For any t ∈ T S , if t < ρ(t) then point t is said to be left-scattered and if t = ρ(t) then t is called left-dense. If t < Θ(t) and Θ(t) = t, then point t ∈ T S is called right-scattered and right-dense, respectively. The set T S z is known as derived form of time scale T S and is defined as:
The real-valued function W : T S → R is called right-dense continuous, if it is continuous at every rightdense point on T S and its left-sided limit exists at every left-dense point on T S . The real-valued function
The set of all right-dense continuous and regressive, right-dense continuous and positively regressive functions, respectively, will be denoted by R G (T S ) and R G (T S ) + . The delta derivative of the function W : T S → R at t ∈ T S z is defined by
The ∆-integral of the rd-continuous function W :
where the rd-continuous function w is an anti-derivative of W, i.e.,
is the cylindrical transformation. The fundamental matrix is defined to be the general solution to the matrix dynamic equation z ∆ (t) = M(t)z(t), z(t 0 ) = z 0 , t ∈ T S 0 and is denoted by Ψ M (t, t 0 ). Consider the metric space T S1 × T S2 = {(m, n) : m ∈ T S1 , n ∈ T S2 } which is a complete metric space with the metric defined by
where T S1 and T S2 are the time scales.
The function W : T S1 × T S2 → R is said to be continuous at (m, n) ∈ T S1 × T S2 if for every > 0 there exists ||z(t)||,
where ϕ ∈ C(T S 0 , R m ) is an increasing function.
Definition 2.1. Equation (1.1) is Hyers-Ulam stable on
T S 0 ∩ [t 0 − λ, t 0 ] if for every y ∈ PC(T S 0 ∩ [t 0 − λ, t 0 ], R m ) ∩ PC 1 (T S 0 , R m ), satisfying (2.1), there exists a solution y 0 ∈ PC(T S 0 ∩ [t 0 − λ, t 0 ], R m ) ∩ PC 1 (T S 0 , R m ) of (1.1) with ||y 0 (t) − y(t)|| K , K > 0, ∀ t ∈ T S 0 ∩ [t 0 − λ, t 0 ].
Definition 2.2. Equation (1.1) is Hyers-Ulam-Rassias stable on
Definition 2.3. Let (X; d) be any metric space. An operator Λ : X → X is a Picard operator, if it has a unique fixed point x * ∈ X such that for all x ∈ X, {Λ (n) (x)} → x * as n → ∞.
Lemma 2.4 ([17]). Let
Lemma 2.5 (Abstract Grönwall Lemma [22] ). Let (X, d, ) be an ordered metric space and Λ : X → X be an increasing Picard operator with fixed point x * . Then for any x ∈ X, x Λ(x) implies x x * and x Λ(x) implies x x * . 
We have similar remark for (2.2).
Lemma 2.7. Every y ∈ PC 1 (T S 0 , R m ) that satisfies (1.1) also comes out perfect on the following inequality:
Proof. If y ∈ PC 1 (T S 0 , R m ) satisfies (2.1), then by Remark 2.6, we have
So,
We have similar remarks for (2.2).
Main results
Now we are going to give our result on Hyers-Ulam stability. 
Proof.
. . .
We see that for any
L∆u∆s .
Following from (c), the operator is strictly contractive and hence a Picard operator on
From (3.1), it follows that the unique fixed point of this operator is in fact the unique solution of (1.1) in
is given by 
Conclusion
In this paper, we have proved the Hyers-Ulam stability and Hyers-Ulam-Rassias stability of (1.1) using fixed point method. We proved our results by using abstract Grönwall lemma together with Lemma 2.4. Moreover, our results guarantee that there is an exact solution of (1.1) which is close to the approximate solution.
